ABSTRACT. This paper presents a dyna mical balancing method for the rotational part of machine as a nonlinear system with the decrease of rotation speed passing across a resonant region. After analyzing the nonlinear system and measurable vibratio11 signals, a suitable procedure of dynamical balance for determining the magnitude and location of imbalance mass is proposed . A program on PC is made to illustrate the obtained procedure. The results of numeric examples show that it can be used well for dynamical balancing analysis.
Introduction
One of the main causes of machinery vibration is imbalance of rotational part. In special case for rotating machines with high speed, which goes up to ten thousand circles per minute, the rotational parts must be balanced exactly. Two following dynamical balancing methods usually are applied: on-site balance with the fixed rotational speed and on-special balance device with the decreasing rotational circle passing across a resonant region. For a linear system there are some methods to find the magnitude and location of imbalance mass [2] . Nevertheless, for nonlinear systems, those methods have to be investigated more in details to propose suitable procedures [1] .
In this paper, a method for calculating imbalance parameters of a nonlinear system has presented. Computational data is used as measurable vibration signals processing in accordance with three-times trial method.
Equations of motion of a rotational part 2.1. Equation of motion without a trial mass
The simplest model of an imbalance rotational part is shown in Fig. 1 , in which the rotational angle c.
p(t) is given. The angular velocity and acceleration are defined as <P(t), if?(t).
From the rule of center mass motion, we have (2.1) where Xe is the coordinate of the center mass with respect to the x-axis and L Fx is the sum of the projections of the forces with respect to the x-axis. Assume that the initial position is the equilibrium, the restorative spring force is equal to G ( x) and the viscous damping force is proportional to the velocity and is equal to ex, we have
In practice, the function G(x) is odd and the expansion of G(x) is of the form G(x) = kx + bx 3 + .. .
(2 .2)
For balancing the rotational part of machinery in state passing across a resonant region , the first , machinery is rotated with a velocity greater than the resonant velocity (approximates twice); the next , the machinery is turned off and rotated free without excitation. When the velocity is passing across the resonant region, the vibration of machine comes great . Because of resistance, the damping forces (friction of pillow-block, air), ... always exist; the machinery will rotate and slow down to stop. The angular velocity can be determined by the following expression [1] :
where w is the angular velocity before it will be decreasing, a-coefficient of decreasing rotation. Therefore, the equation of motion of the rotating part of machine ( Fig. 2) with the decreasing rotation passing across a resonant region can be written as 
a-coefficient of decreasing rotation.
Equation of motion with a trial mass
The model of the rotating part of machine with the trial mass m t is shown in Fig. 2 . From the equation of motion of the common mass cent re of system, which has the nonlinear spring force is defined with two the first items of expression (2.2) , we suppose that the trial mass m t is very small compairing with the mass of rotational body, hence equation of motion with the trial mass m t becomes e P1 --m td1 r --mtd1 P.
2.3. Equation of motion with a radial symmetric trial mass Similarly, when the trial mass m t is attached to the rotating part in the place of radial symmetry with respect to old position of mt , the respective differential equation is determined by the following expressions:
Determination of balancing parameters
This section presents the procedure to determine the balancing parameters, after analyzing the solutions of Eqs (2.4) , (2.5) and (2.6). From the obtained solutions and the results of processing measurable vibration signal a procedure is proposed for determining the balancing parameters for the dynamic system. The solutions of the nonlinear differential equations, which had been known, using a direct numerical integral method [5] are considered as the measurable vibrations.
A degrading-system
In Eqs .(2.4), (2.5) and (2.6) , putting the nonlinear parameter f3 = O, we obtain the respective degrading-equations. A system, which is described by degradingequation, will be called the degrading-system.
Degrading-equations
* For rotational part with its imbalances: (3.1) where
* For rotational part with its imbalances and trial mass mt in the first position (3.2) where
* For rotational part with its imbalances and trial mass mt in the second position, which is radial symmetric to first one
The formulae for solutions of Eqs (3 .1), (3.2) , and (3.3) have very complicated forms [7, 8] . In this section, a simpler and handier calculative procedure is proposed. Note 1. From (2.4), (2.5), and (2.6) , coefficients P , P 1 and P 2 in the expressions representing respective centrifugal forces have the following relations:
Hence, putting v p 2 + p,2 -2p2
we obtain the formulae to determine the balancing parameters when P , P1 , P 2, and mt are given: J(w5 -w2) 2 + 4h 2 w 2 ' Next , the general solution of Eq. (3 .1 ) with condition (3.7) is the form [9] :
The integral in expression (3.8) cannot be expressed by elemental functions. We propose the approximate formulae as follows:
Function F 0 (T) is approximated by the following function:
After some uncomplicated calculates, the solution (3.8) is determined by:
* In the case of degrading-system with the trial mass mt
The solution of Eq. (3.2) is of the form: We can rewrite the solutions (3.9) , (3.10), and (3.11) in the forms: (3.11) (3.12) According to the three-times trial method, the rotor of machine is forced to rotate three times with the same angular velocity w (w > w 0 , w 0 is the resonant frequency), then the rotor is rotated freely without electricity. The measurable vibration results are obtained in the forms of records:
where the passing interval of time [O, T] is calculated from time, at which the rotor is beginning rotation with the initial velocity w, and then it is freely rotated until the rotation is stopped. Rotational resistant coefficient a will have been computed in measurement process.
Responses x, x 1 , x 2 have the respective maximum amplitudes at the same times tR, xmax, xfax, x2ax , and then from Eq. (3.12) we obtain:
We can check that (see Table 1 )
Then:
(3.14) (3.15) (3.16) Formula (3 .16) for (3 .4), (3.5), (3.6) allows us to determine the balancing parameters from the three-times trial process of degrading-system in a transient stage.
Note 2. In practice, formulae (3.4), (3 .5), and (3.6) are replaced by the following: For above degrading-system, the parameters of system are damping coefficient, natural frequencies, coefficient of decreasing, ... they can be determined from vibration records in the following order: 
Numerical results
The programs on PC had been created to do the following main functions :
* Create test vibration records: measurement data are obtained by mean of direct solving the differential equations, which describe the vibrations of rotational part, using the numerical methods (Runge-Kutta (4,5), DormandPrince; Runge-Kut ta (2 ,3) , Bogacki and Shampine; or formula Adams-BashforthMoulton) [5] .
* Calculate the parameters of system (particular frequencies, damping coefficient, deadening frequency, .. . ) from the obtained vibration records.
* Calculate the balancing parameters.
Example 3.1. The first, the characteristic parameters of vibration system are given. The values x(t) , x 1 (t), x 2 (t) , will be obtained by a direct integral method applying for the differential equations of motion. Those solutions are considered respective the same as the results of vibration measurement in the cases: without trial mass, with trial mass and with radial symmetric trial mass. The solutions of degrading-system from established analytic model (SAM) are shown in Fig. 3 . From the graphs we obtain that solutions x(t), x 1 (t), x 2 (t) have the same time, at which amplitudes achieve the maximum values. At the same time , resonant amplitudes occur at excited frequencies, which are less than respective particular frequencies.
After the resonant time, vibrations will deaden [7, 8] .
....... Fig. 4 shows the amplitude changes of responses x( t), x 1 ( t), x 2 ( t) along with time. We find the same time, at which the amplitudes are maximums. After the first maximum values, the amplitude of vibration and the maximum values will decrease [7, 8] .
The graphs of functions H(t), H 1 (t), H 2 (t) from formula (3.12) are shown in Fig. 5 . It is clear that the functions have the same time, at which H(t), H 1 (t), H 2 (t) will achieve maximum values. Those maximum values are approximately equal each other. Table 2 is the Test-dynamical parameters of algorithm model. Table 3 is assumed/ Calculated imbalance parameters from computational models.
The approximation of the results shows that t he above algorithm can be used well. ~; * If rotational resistant coefficient increases then vibration amplitude will decrease; The time, at which amplitude has the maximum value, will decrease; Resonance frequency, in general, will decrease. In the all calculated cases, the resonance frequency always is less than the particular frequency Jo = w 0 / 27r = 5.0Hz.
----~----~-----~----·--~-~ ---~> ---~-----~----
* If rotational resistant coefficient is fixed, the time for the maximum amplitudes approximate the same (approximately one tenths second) ; The maximum value of functions H ( t) (cm), coincides to the third decimal number , therefore they can be considered the same. i.e. the supposition (3.15) is satisfied. This is very important in practice. * For damping coefficient h, the minimum relative error is 33 and maximum one is 11 3 * For the particular frequency w 0 , the mm1mum relative error is 0.013 and maximum one is 0.13
Three times trial procedure for degrading-system
Step 1. Input data creating
First Times : The rotational machinery is rotated forcedly with the initial angular velocity w > w 0 and then it will be rotated freely.
* Measure the vibration as function of time of t he rotat ional part, x(t) ;
* Determine the maximum amplitude of measured vibration, Xmax · Second Times : The trial mass mt is added at distance r from shaft line. Next , rotational part is rotated with the angular velocity w > w 0 then it will be rotated freely.
*Measure the vibration of the rotational part: x 1 (t);
* Determine the maximum amplitude of vibration x 1 max· Third Times : Adding the trial mass mt at the radial symmetric place of the rotational part , and it is rotated with the angular velocity w, then will be rotated freely.
* Measure the vibration of the rotational part: x 2 (t) ; * Determine the maximum amplitude of vibration X2 max ·
Step 2. Determination of balancing parameters * Calculate mass m, balancing place(} from formulae (3.17) and (3.18 ) .
* Calculate P, P 1 , P2 from formulae (2.4), (2.5), and (2.6).
* Calculate H = Xmax l P, H1 = X1 max / P1 and H2 = X2max/ P2 and if H ~ H1 ~ H 2 then the obtained balancing parameters will have been accepted.
Vibration analyzing for weakly non-system
The solutions of the weakly nonlinear systems (2.4), (2.5), and (2 .6) can be considered the same as the measurable vibration records (3.13). In the above equation of motion, nonlinear function f ( x) = x 3 is approximated by a linear function using the minimum square method [6] , in which the experimental values of functions are the vibration records in expression (3.13). Therefore, the weakly non-linear systems (2.4), (2.5) and (2 .6) had been replaced by the respective degrading-systems, and then the above analytic methods would have been used. * System attaching to the trial mass mt (3.20) * System attaching to the radial symmetric trial mass mt (3.21)
The solutions of direct problem
Assume that, the dynamic characteristic parameters of system ( h, wo, w, a, P, ... ) are given we constitute measurable data applying the above numerical integral methods to find the solutions of nonlinear differential Eqs. (2.4), (2.5), and (2.6).
We choose the initial conditions from the stationary solutions of respective nonlinear systems when the forcing functions have the rotational resistant coefficients are equal to zero.
For example, from system (2. 6 . 14~583e-OC2 - From the three times trial process we obtain three vibration records x(t), x 1 (t),
X2(t).
* From obtained records we calculate the maximum values, the parameters of linear approximation ( ~, 6, 6), damping coefficient ( h), the particular frequency (w 0 ), the initial forced frequency (w) (w = 2w 0 ) , the damped frequency.
* Determine the solutions of approximate systems using formulae (3.9) , (3.10), (3.11) .
* Calculate the maximum values xmax, xj"ax, x2ax of the obtained solutions.
* Calculate mass m and balancing location e from formulae (3.17) and (3.18).
* Calculate P, P 1 , P 2 from formulae (2.4), (2.5), and (2 .6).
* Calculate H = Xmax/ P, H1 = X1 max / Pi and H2 = X2max/ P2, and if H : : : : : : : : H1 : : : : : : : :
H 2 then the obtained balancing parameters will have been accepted. Table 4 . Assumed/ Calculated imbalance parameters are shown in Table 5 . 
